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Past theoretical studies have considered excitations of a given flavor of composite fermions across 
composite-fermion quasi-Landau levels. We show that in general there exists a ladder of flavor 
changing excitations in which composite fermions shed none, some, or all of their vortices. The 
lowest energy excitations are obtained when the composite fermions do not change their flavor, 
whereas in the highest energy excitations they are stripped of all of their vortices, emerging as 
■ electrons in the final state. The results are relevant to the intriguing experimental discovery[IJ of 

' Hirjibehedin et al. of coexisting excitation modes of composite fermions of different flavor in the 

filling factor range 1/3 > v > 1/5. 

PACS numbers: PACS: 71.10.Pm,73.43.-f 
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The quantum fluid of interacting electrons in the lowest 
Landau level, which manifests itself most dramatically 
through the fractional quantum Hall effect 2] , is charac- 
terized by the formation of a new class of fermions called 
composite fermions 3] (CFs). The composite fermion 
is the bound state of an electron and an even number 
(2p) of quantized vortices, denoted by 2p CF. Compos- 
ite fermions of different flavors (that is, with different 
numbers of attached vortices) occur in different filling 
factor regions, where the filling factor, v — phc/eB is the 
number of occupied Landau levels (LLs). (Here p is the 
two-dimensional density of electrons and B is the exter- 
nal magnetic field.) Specifically, 2p CFs are relevant in 
the range 5— y > v > 
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Light scattering has proved to be a powerful tool for 
investigatingthe nature of excitations of this quantum 
fluid jj, HJ 111 0- The present work has been moti- 
vated by the recent light scattering experiment by Hir- 
jibehedin et al.Q, which investigated the filling factor 
range 1/3 > v > 1/5, where the relevant composite 
fermions carry four vortices ( 4 CFs). A remarkable aspect 
of the experimental results is that while new low-energy 
excitations appear for v < 1/3, as expected, the old exci- 
tations from v > 1/3 do not disappear but rather evolve 
continuously as the filling factor changes from v > 1/3 
to v < 1/3; in other words, there is a coexistence of ex- 
citations of both 4 CFs and 2 CFs in the low filling factor 
region. 

We begin by presenting a physical explanation. A con- 
sideration of the filling factor region v > 1/3 (Fig. 
provides valuable insight into this intriguing observation. 
Here, we have the lowest electronic LL partially occu- 
pied, and, as a result of the repulsive interaction, elec- 
trons transform into 2 CFs; the lowest electronic LL thus 
splits into quasi-Landau levels (QLLs) of 2 CFs (mid- 
dle column of Fig. ^J. Now, the intra-LL excitations of 
electrons are described as mier-QLL excitations of 2 CFs. 
However, the system obviously still supports the inter- 
electronic LL excitation, namely the Kohn mode. We see 
in this simple case the coexistence of excitation modes 
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FIG. 1: Schematic view of how the lowest electronic Landau 
level splits into quasi-Landau levels of composite fermions car- 
rying two vortices ( 2 CFs), and the lowest 2 CF quasi-Landau 
level further splits into 4 CF quasi-Landau levels. The (quasi- 
)Landau level index is denoted by n(P) where "P" is the type 
of relevant particle, namely "e" (electron), " 2 CF," or " 4 CF." 
On the rightmost column, the three ladders of flavor chang- 
ing excitations are indicated. The lowest rung in each ladder 
corresponds to: A 4 "* 4 from n( 4 CF)= to n( 4 CF)= 1; A 4 



from n( 4 CF) = 
n(e)= 1. 



to n( 2 CF) = 1; A 4 ^ from n( 4 CF) = to 



at two different energy scales: the low energy A 2 ^ 2 (k) 
excitations conserve the CF flavor, whereas the high en- 
ergy A 2 ^°(fc) excitations involve transformation of 2 CF 
into °CF (electron). In the former case, the composite 
fermions maintain their integrity during the transition, 
whereas in the latter case they leave their vortices behind 
in the lowest electronic Landau level, thus converting into 
excited electrons in the second level. 

For v < 1/3 the situation is analogous. The lowest 2 CF 
QLL undergoes a further splitting into QLLs of 4 CFs, as 
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FIG. 2: The 2 CF basis states included in our study to investi- 
gate the excitations A 4- * 4 and A 4- * 2 in the filling factor range 
1/3 > v > 1/5. (The 2 CFs are shown as electrons carrying 
two arrows, and the horizontal lines depict their quasi-Landau 
levels.) These are constructed from the analogous basis states 
for electrons. Keeping only states of the type given in (a) pro- 
duces the A 4- * 4 excitations shown by empty circles in Fig|3 

shown in the rightmost column of Fig. ^ Although we 
have only 4 CFs in the ground state, there are three lad- 
ders of excitation: (i) A 4 ^ 4 (fc) excitations, which were 
not present for v > 1/3; (ii) A 4 ^ 2 (fc) excitations involv- 
ing a change of 4 CFs into 2 CFs, which are a continuous 
evolution of A 2 ^ 2 (fc) excitations for v > 1/3; and (iii) 
A 4 ^°(fc), which are similarly close cousins of A 2 ^°(fc) 
and A°^°(fc). This is our physical explanation for the 
experimental result of Ref. Uj showing a coexistence of 
several kinds of excitations. 

To test these ideas quantitatively through a micro- 
scopic calculation, we need to construct a model that 
can deal with both A 4 ^ 4 and A 4 ^ 2 excitations simulta- 
neously. The key observation that makes this possible is 
that the intra-QLL excitations of a given flavor of com- 
posite fermions are the inter-QLL excitations of higher 
order composite fermions. For example, at filling factors 
of the type v = n/(2n + 1) (with n integer), which are 
described in terms of 2 CFs, the intra-LL excitations of 
electrons (°CFs) are inter-QLL excitations of 2 CFs. If we 
diagonalizc this problem within the lowest electronic LL, 
we will miss the Kohn mode. In order to keep this mode, 
we must expand our basis space to allow at least one elec- 
tron to occupy the second electronic LL; then we get not 
only all the A 2 ^ 2 excitations, but also the lowest energy 
A 2 ^ excitations. This idea can be transported straight- 



forwardly to the filling factor region 1/3 > v > 1/5 by the 
vortex attachment trick of the CF theory, which relates 
v* to v = v* /{2v* + l). We first construct an electron ba- 
sis at v* , wherein we keep all basis states in which either 
all electrons are in the lowest LL or one electron occupies 
the second LL. By attaching two vortices to each particle, 
we generate from it, following methods outlined below, a 
2 CF basis at v shown schematically in Figs. 12k and 
We then diagonalize the interaction Hamiltonian in this 
basis. An explicit calculation for N — 5 and 6 for cer- 
tain filling factors in the range 1/3 > v > 1/5 gives the 
spectrum in Fig. |3| shown by filled circles. 

In order to identify the states at v that correspond 
to the Kohn mode at v* , we repeat the above calcula- 
tion without the Kohn mode (that is, by working strictly 
within the lowest LL at v*\ Fig. |2Ji)- We find that this 
gives a subset of the previous states, shown by empty cir- 
cles in Fig. |21 (All empty circles sit on filled circles; for a 
given eigenstate, the energy of the filled circle is slightly 
lower than that of the empty circle because of the greater 
variational freedom in the expanded basis, but the differ- 
ence is so small in most cases that the empty circles fully 
cover the filled ones.) The states not covered by empty 
circles are therefore inter-QLL excitations of 2 CFs, that 
is, A 4 "* 2 excitations. 

In short, our approach is to model the 1/3 > v > 1/5 
region in terms of 2 CFs - as opposed to 4 CFs, which 
would be the natural choice if we were only interested 
in the lowest energy excitations. Then, the intra-QLL 
excitations of 2 CFs give us the inter-QLL excitations of 
4 CFs, namely A 4 ^ 4 ; at the same time the inter-QLL 
excitations of 2 CFs correspond to the A 4 ^ 2 excitations. 

There is a remarkable separation of energy scales in 
Fig. 13 between the inter- and intra-QLL excitations of 
2 CFs, which is entirely consistent with the physics de- 
scribed above. A similar effect exists for the inter- and 
intra-LL excitations of electrons, which are governed by 
different energies, namely the cyclotron energy and the 
interaction energy. For 2 CFs, however, both the inter- 
and intra-QLL energies are determined by the interac- 
tion energy, and the emergence of two energy scales is 
not obvious a priori. Fig. [3] also shows exact diagonal- 
ization results (dashes) . There is an excellent agreement 
between the dashes and the circles, further confirming 
the validity of our picture. In particular, the exact spec- 
tra also show two distinct energy scales. (In fact, once 
we understand the physics, we can identify the 4^4 
and 4 — > 2 energies directly from the exact spectrum, 
which is what we do below.) Still higher energy states 
can be obtained within the framework of the CF theory 
by exciting more than one composite fermion to higher 
CF quasi-Landau levels, but our interest here is in the 
lowest excitation at each flavor changing ladder. 

We next compare our results with experiment. In an 
ideal situation, inelastic light scattering only probes the 
excitations close to zero wave vector, but slight disorder, 
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FIG. 3: Numerical results are shown for filling factors 
v — 2/7, 2/9, and 1/5 for N = 6, 6, and 5 particles, re- 
spectively. The spherical geometry is used in the calculation, 
with the magnetic flux through the surface equal to 2Qhc/e. 
The filled circles show the spectrum calculated from the CF 
theory, obtained, as explained in the text, by diagonalization 
in the 2 CF basis shown schematically in Fig. [5] The empty 
circles are the CF states obtained when only the basis states 
of the type given in Fig. [5^ are kept. Note that there is a 
filled circle underneath each empty circle (sometimes partly 
visible). Dashes show the exact spectrum. L is the total or- 
bital angular momentum, and the energy is reported in units 
of e 2 /d where e is the dielectric constant of the host semicon- 
ductor and / = yJhc/eB is the magnetic length. The Monte 
Carlo uncertainty is smaller than the symbol size, hence not 
shown explicitly. The energies have been corrected for the 
finite size deviation in the electron density through a multi- 
plicative factor U pi pN = y // 2Qv/N. 



which breaks wave vector conservation, has been found 
to expose energies at critical points (extrema) in the CF 
exciton dispersion 0,0, E|- particular, the zero wave 
vector mode, the minimum energy neutral excitation (ro- 
ton), and the excitation that contains a far separated 
particle hole pair of composite fermions (which gives the 
transport gap measured in experiments) have been ob- 
served in Raman experiments. We will concentrate on 
the first two, which will be labeled A(0) and A(i?), re- 



spectively. The transport gap is roughly the same as 
A(i?) for our small systems. 

The lowest energy intra- and inter- 2 CF QLL excita- 
tions can be identified straightforwardly from the spectra 
of Fig. |2| The upper panel of Fig. 0] shows the energies 
A 4 ~* 4 (0), A 4 ^ 4 (i?), and their 4 -> 2 counterparts. While 
the 4 — ► 2 modes evolve continuously out of the 2^2 
modes at v > 1/3, the 4^4 modes are new. The qual- 
itative behavior is in agreement with experiment. There 
are, however, several difficulties in making a quantitative 
comparison with experiment. 

First, the calculations are performed for a strictly two 
dimensional system, whereas the experimental sample is 
a square quantum well of width 33 nm. We incorporate 
finite thickness corrections into our calculation through a 
self consistent local density approximation^. The lower 
panel of Fig.^Jdepicts the various energies after including 
modification in the effective two-dimensional interaction 
due to finite extent of the electron wave function in the 
transverse direction. 

The other problems are more severe. Strictly speaking, 
one must calculate thermodynamic limits before compar- 
ing theoretical calculations to experiment. In the past, 
energy gaps have been found to vary substantially as 
a function of N. (For example, the transport gap at 
v = 2/5 is reduced from 0.13 for N = 4 to 0.058 in 
the thermodynamic limit ^j.) However, because of the 
rather large dimension of the CF basis, we are not able to 
go to systems bigger than TV = 6 in a numerically stable 
manner. The calculation also neglects disorder, which is 
often a source of significant quantitative correction. 

Next we compare our theoretical results for the roton 
energy with those in the experiment of Ref. Q for the 
filling factor range 1/3 > v > 1/5. For A 4 ^ 4 (i?) the 
calculated values are approximately ~ 0.2 meV in this 
range (taking parameters of the experiment in Ref. QJ), 
decreasing slightly with increasing magnetic field. The 
experimental values start at ~ 0.2 meV and decrease with 
magnetic field to ~ 0.11 meV at v = 1/5. For A 4 ^ 2 (i?) 
mode the theoretical value starts at approximately ~ 0.6 
meV and increases with magnetic field to ~ 2.0 meV. 
The experimental value starts at ~ 0.45 meV and goes 
on increasing with magnetic field to ~ 0.7 meV. The 
theory is in qualitative agreement with experiment, both 
in regard to (i) the continuity of some modes across v — 
1/3 and appearance of new modes for v < 1/3, and (ii) 
the observed trends as a function of the filling factor. In 
light of the rather small size of the numerical system, we 
find the level of quantitative agreement to be satisfactory. 

Finally, we briefly discuss the calculational method. It 
involves many steps, which will only be outlined here 

for lack of space; more details can be found in the 

literature^! El Hp. ITU. We have used the standard 
spherical geometry [lj, |l5j which considers N electrons 
on the surface of a sphere with a magnetic monopole 
of strength Q placed at the center producing a radial 
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FIG. 4: Excitation energies A 2p ^ 2p of the zero wave vector 
and roton modes are shown as a function of 2Q (or magnetic 
field). The filling factor corresponding to a particular mag- 
netic field strength is given in parenthesis along the horizontal 
axis. The upper panel gives the energies for zero thickness, 
whereas the lower panel incorporates corrections due to finite 
thickness using parameters appropriate for the experimental 
sample of Ref. [I] (quantum well width = 33 nm and density 
= 5.4 x 10 11 cm" 2 ). All results are for N = 6 particles, and 
the dashed lines are a guide to the eye. 



magnetic field. The magnetic flux through the sphere 
is 2Q(f>Q (</>o = hc/e is called the magnetic flux quan- 
tum); 2Q is an integer due to Dirac's quantization con- 
dition. The single particle eigenstates are the monopolc 
harmonics|l5| YQ nm (Qj) where n = 0, 1, . . . is the LL in- 
dex, to = — (Q + n), — (Q + n) + 1, . . . , (Q + n) labels the 
2(Q + n) + 1 degenerate states in the nth LL, and f2j 
represents the location on the sphere of electron j with 
the usual coordinates. Since the degeneracy in successive 
LLs is not equal in this geometry, the ratio N/2Q is not 
exactly equal to the filling factor for finite systems; the 
filling factor is defined as v = liniAr^oo N/2Q. 

According to the CF theory, N strongly interacting 
electrons at monopole strength Q are transformed into 
N weakly interacting composite fermions at monopole 
strength Q* = Q — p(N — 1). For a given Q in the 
range 1/3 > v > 1/5, we first consider Q* = Q — N + 1, 



which lies in the range 1 > v > 1/3. We diagonalize the 
electron problem at Q* (allowing at most one electron in 
the second LL) to obtain eigenstates with definite total 
orbital angular momentum L. Denoting this basis by 
{<I>q* }, we construct a basis at Q given by {Plll^\^q- }, 
where $i is the wave function of one filled Landau level. 
Plll denotes projection into the lowest electronic LL, 
which can be accomplished using the methods discussed 
previously The basis at Q obtained in this manner is 
not orthogonal. Following the techniques in Ref. fill we 
use the Gram-Schmidt procedure to obtain an orthogonal 
basis, and then diagonalize the interaction Hamiltonian 
in this basis. The various projections and Hamiltonian 
matrix elements require evaluation of multi-dimensional 
integrals, which is accomplished numerically by Monte 
Carlo. The uncertainty is determined by the standard 
deviation in the eigenvalues over different Monte Carlo 
runs. 

A technical point in regard to our treatment of finite 
width should be noted. Following Ref. flil we determine 
the interaction pseudopotentials|14j in the infinite planar 
geometry, and feed them into exact calculations in the 
spherical geometry. For an infinite system, this of course 
gives the same result as doing the calculation entirely 
within the spherical geometry, but for finite systems the 
two methods arc different. For zero thickness, the use 
of planar pseudopotentials, as opposed to the spherical 
pseudopotentials, makes only a slight deviation (within 
6% for our calculations) in the excitation energies; we 
expect that the method works equally well for finite width 
systems as well. 

We have only considered in this work filling factors 
where the ground state is incompressible. It would be of 
interest to investigate the filling factor dependence of the 
various excitations energies. 
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